
Full Terms & Conditions of access and use can be found at
https://www.informahealthcare.com/action/journalInformation?journalCode=ueso20

Energy Sources, Part A: Recovery, Utilization, and
Environmental Effects

ISSN: (Print) (Online) Journal homepage: www.informahealthcare.com/journals/ueso20

Method to obtain parameters k2, k3 for dilution
rate observer in AM2 model of the anaerobic
digestion process in a batch reactor

Orlando Harker-Sanchez, Adolfo A. Jaramillo & Dulce María Arias

To cite this article: Orlando Harker-Sanchez, Adolfo A. Jaramillo & Dulce María Arias (2024)
Method to obtain parameters k2, k3 for dilution rate observer in AM2 model of the anaerobic
digestion process in a batch reactor, Energy Sources, Part A: Recovery, Utilization, and
Environmental Effects, 46:1, 3110-3123, DOI: 10.1080/15567036.2024.2311326

To link to this article:  https://doi.org/10.1080/15567036.2024.2311326

© 2024 The Author(s). Published with
license by Taylor & Francis Group, LLC.

View supplementary material 

Published online: 15 Feb 2024.

Submit your article to this journal 

Article views: 451

View related articles 

View Crossmark data

https://www.informahealthcare.com/action/journalInformation?journalCode=ueso20
https://www.informahealthcare.com/journals/ueso20?src=pdf
https://www.informahealthcare.com/action/showCitFormats?doi=10.1080/15567036.2024.2311326
https://doi.org/10.1080/15567036.2024.2311326
https://www.informahealthcare.com/doi/suppl/10.1080/15567036.2024.2311326
https://www.informahealthcare.com/doi/suppl/10.1080/15567036.2024.2311326
https://www.informahealthcare.com/action/authorSubmission?journalCode=ueso20&show=instructions&src=pdf
https://www.informahealthcare.com/action/authorSubmission?journalCode=ueso20&show=instructions&src=pdf
https://www.informahealthcare.com/doi/mlt/10.1080/15567036.2024.2311326?src=pdf
https://www.informahealthcare.com/doi/mlt/10.1080/15567036.2024.2311326?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.1080/15567036.2024.2311326&domain=pdf&date_stamp=15 Feb 2024
http://crossmark.crossref.org/dialog/?doi=10.1080/15567036.2024.2311326&domain=pdf&date_stamp=15 Feb 2024


Method to obtain parameters k2, k3 for dilution rate observer in 
AM2 model of the anaerobic digestion process in a batch reactor
Orlando Harker-Sanchez a, Adolfo A. Jaramillo a, and Dulce María Arias b

aFacultad de Ingeniería, Universidad Distrital Francisco José de Caldas, Bogotá, Colombia; bInstituto de Energías 
Renovables, Universidad Nacional Autónoma de México, Temixco, México

ABSTRACT
Anaerobic digestion (AD) is a process of biochemical decomposition by 
anaerobic bacteria. Organic solid waste, subjected to anaerobic digestion, 
produces organic fertilizer and biogas, composed of methane, carbon diox
ide, and other gases. The AM2 model describes the AD system and is the 
most widely used model for dynamic behavior analysis and control of AD 
processes. One of the most critical variables for system analysis is the con
centration of volatile fatty acids (VFA). The behavior of the concentration of 
VFA depends on the dilution rate. This, in turn, depends on the performance 
parameters of producing and consuming VFA (k2 and k3). This paper presents 
a deterministic method to calculate the k2 and k3 parameters, from the 
dilution rate dynamics and Olson method for indirect validation of the 
parameters based on the direct validation of the concentration of VFA. 
Model results for VFA concentration showed an error of <0.4%. An error of  
<1.98% was found between the theoretical model and the experimental 
data. Overall, a global error of <2.37% gives a reliability to the proposed 
method to determine k2 and k3.
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Introduction

Anaerobic Digestion is a decomposition process through which bacteria break organic matter, such as 
food waste, without oxygen. The biochemical model described by (Liu et al. 2023) shows different 
products such as organic fertilizer, nutrients, bio-chemicals such as carboxylic acids, polyesters, 
proteins (Bolzonella et al. 2023), and biogas, which is mainly composed of carbon dioxide, CO2 
(25% to 45%), methane, CH4 (50% to 70%), hydrogen sulfide (H2S <1%), hydrogen (H2), carbon 
monoxide CO and among others (Acosta-Pavas et al. 2023). Amongst these products, methane is has 
the most significant potential for energy production (Arshad et al. 2022; Kabeyi and Olanrewaju 2022).

Control of influencing factors is important to improve biogas production for electricity generation 
in AD (Olatunji, Madyira, and Adeleke 2023). The hydrogen and methane produced in both stages 
require the observability of an appreciable number of variables (Rodríguez-Mata et al. 2023), Some 
assumptions can simplify the variables used through a non-linear model for these two stages (Tawai, 
Sriariyanun, and Gentili 2022). Hence, the dynamics of the AD process have been studied through 
different mathematical models, such as anaerobic digestion model 2 (AM2) (Dekhici et al. 2022), 
which is a modification to the ADM1 (Mo et al. 2023). The AM2 model comprises six equations of 
state (Abdelhani and Samia 2022). In order to solve these differential equations and characterize 
the AD process, a first stage which consists of obtaining the value of the variables VFA concentration 
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(S2) and dilution rate (D), as well as the values of the production and consumption performance 
parameters during the process (k1, k2, k3, k4, k5, and k6) is required.

The D is not a measurable variable within the process. It reflects the relationship between the feed to 
the reactor and the volume of the mixture, which characterizes and regulates the production of VFA in 
the reaction mixture. Therefore, an observer is required to determine the value of D at different stages 
of the AD process.

The parameters k1 to k5 are obtained from the stoichiometric ratios of the AD process, which 
depend on the biochemical, biological, physicochemical, and physical characteristics of the substrate 
and the process.

The production of methane depends on the concentration of VFA. This behavior is reflected in the 
AM2 model through the parameters k2 and k3, which are related to production yield and VFA 
consumption yield, respectively. The unmeasurable D is estimated using an observer. The problem 
consists of obtaining the values of these parameters, particularly k2 and k3, which are the most 
challenging to obtain since they are related to the D. The difficulty lies in both securing and validating 
these parameters since they cannot be directly measured in the process. To address this, different 
authors use indirect instantaneous measurement of variables, such as VFA concentration, instead of 
employing a method to determine them in the dynamic model. This article presents a method for 
determining the parameters k2 and k3 and proposes an indirect validation strategy for the obtained 
values of k2 and k3 through experimental VFA concentration values.

Methodology

Determination of the parameters k2 y k3

To determine the parameters k2 and k3, an experiment was conducted to measure the system variables. 
In the case of k2, the VFA substrate and the VFA production was measured. For the case of k3, the VFA 
consumed and the methane produced from them are calculated.

Validation

The calculated value of k2 and k3 was validated indirectly through the direct validation of S2 tð Þ. For 
this purpose, the parameters k2 and k3 are incorporated into the AM2 model and, through numerical 
methods, theoretical S2 tð Þ is obtained and then compared with values of S2 tð Þ measured in the 
experiment. In this way, if the estimated value of S2 tð Þ presents an error of less than 5% compared 
with the theoretical value of S2 tð Þ, calculated with k2 and k3, these parameters are validated with the 
above.

The indirect validation method for k2 and k3 can be summarized in five steps:

(1) Measurement of TotalSolidðTSÞ;TotalVolatilSolid VSð Þ; S1 tð Þ; S2 tð Þ;CH4
(2) Calculation of parameters k2 and k3 starting from the variables measured in 1.
(3) Construction of the theoretical model of S2 tð Þ using the parameters of k2 and k3.
(4) Construction of a theoretical model for S2 tð Þ through the solution by numerical methods of the 

AM2 model using the parameters k2 and k3.
(5) Comparison of the experimental S2 tð Þ model vs. the theoretical model to establish the existing 

error between the two models.

AM2 dynamic model

The AM2 model is an adaptation of the Anaerobic Digestion Model No. 1 (Acosta-Pavas et al.2023), 
and (ADM1) (Ficara et al. 2012). The AM2 is simpler compared to ADM1 because it provides excellent 
features for the construction of solutions and includes variables to model the process dynamics, such 
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as the VFA concentration, which influences the pH and the growth rate of methanogens (μ2) 
(Kalyuzhnyi et al. 2002). There are other important variables for the analysis of the process, such as 
temperature (T), amount of feed substrate (S1) (Bastin and Dochain 1991; Méndez-Acosta et al. 2016), 
the variation rate of S1 

dS1
dt

� �
, the variation rate of S2 

dS2
dt

� �
, the concentration of acidogenic bacteria 

X1ð Þ, the concentration of methanogenic bacteria (X2), the growth rate of acidogenic bacteria μ1
� �

, 
which have an impact on the volume of biogas and renewable energy produced and the methane flux 
(qM), which can be assessed by Chemical Oxygen Demand (COD) or by volumetry.

On the other hand, the D and the chemical reaction rate (r1) are parameters of great importance in 
the dynamic analysis of the process, where hydrogen and methane are the main products of AD 
(Chorukova et al. 2022; Pan et al. 2022).

(Stinga et al. 2017) proposed a control structure for the AD process to estimate variables through 
observers and include at least one observer, which can be the D and AD process is considered as 
a system with four stages.

The AM2 dynamic model of AD is built based on six state variables, these are:

a. Substrate concentration S1, b. VFA concentration S2, c. Concentration of acidogenic bacteria X1, d. 
Concentration of methanogenic bacteria X2, e. Alkalinity Z, f. Inorganic carbon concentration C

Other variables that intervene in the model and that are related to the previous ones are:
The growth rate of acidogenic bacteria μ1

� �
, directly related to the concentration of acidogenic 

bacteriaX1. Growth rate of methanogenic bacteria μ2
� �

,directly related to the concentration of 
methanogenic bacteria X2. The available products are the volume of biogas (Salamanca-Valdivia 
et al. 2021) and the flow of methane (qM).

The equations of state are developed based on biochemical and biological kinetics (Sun et al. 2023).
The stoichiometry presented in Table 1, reactions (a) to (e), are input to build the six state 

Equations (1) to (6) that describe the dynamics of the AM2 model, together with the output 
Equation (7). 

dS1

dt
¼ D S1in � S1ð Þ � k1μ1 S1ð ÞX1 (1) 

dX1

dt
¼ μ1 S1ð Þ� / D
� �

X1 (2) 

dS2

dt
¼ D S2in � S2ð Þ þ k2μ1 S1ð ÞX1 � k3μ2 S2ð ÞX2 (3) 

dX2

dt
¼ μ2 S2ð Þ� / D
� �

X2 (4) 

dZ
dt
¼ D Zin � Zð Þ (5) 

Table 1. Chemical reactions of the hydrolysis, acidogenesis, and metha
nogenesis phase.

Reaction Phase

C6H10O5ð Þn þ nH2O! nC6H12O6 að ÞHydrolysis
nC6H12O6 ! 3nCH3COOH bð Þ Acidogenesis
C6H12O6 ! 2C2H5OHþ 2CO2 cð Þ Acidogenesis
2C2H5OHþ CO2 ! 2CH3COOHþ CH4 dð ÞMethanogenesis
3nCH3COOH! 3nCO2 þ 3nCH4 eð ÞMethanogenesis

3112 O. HARKER-SANCHEZ ET AL.



dC
dt
¼ D Cin � Cð Þ � qc þ k4μ1 S1ð ÞX1 þ k5μ2 S2ð ÞX2 (6) 

qM ¼ k6μ2 S2ð ÞX2 (7) 

where: S1 corresponds to the initial substrate, represented in the concentration of carbohydrates in the 
biodigestion mixture (g/L), X1 corresponds to the biomass concentration (acidogenic bacteria, g/L), S2 
is the intermediate substrate, represented in the VFA (mg/L) concentration the biodigestion mixture. 
S2in is the concentration of VFA (mg/L) present in the biodigestion mixture at the beginning of the AD 
process, X2 corresponds to the biomass concentration (g/L) of methanogenic bacteria, Z, is the 
alkalinity represented as the sum of the concentration of acetate and bicarbonate in the mixture 
(meq/L), ki represents the activity constant of the reaction in each stage (production or consumption 
performance parameter), qMcorresponds to the methane flow produced (L/day).

Dilution rate observer

Observer´s model
By solving Eq. (3), D is obtained as stated in Equation (8): 

D ¼
1

S2in � S2ð Þ

� �
dS2

dt
� k2μ1 S1ð ÞX1 þ k3μ2 S2ð ÞX2

� �

(8) 

The difficulty that arises in obtaining experimentally μ1 S1ð ÞX1andμ2 S2ð ÞX2 in the continuous AD 
process, it is necessary to replace these Equation (8) variables with other variables that can be 
estimated from measurable variables (Lara-Cisneros and Dochain 2018).

Starting from Eq. (7), we can solve for X2 as shown in Equation (9): 

X2 ¼
qM

k6μ2 S2ð Þ
(9) 

Substituting in Eq. (8) the value obtained in (9), we have Equation (10):

D ¼
1

S2in � S2ð Þ

� �
dS2

dt
� k2μ1 S1ð ÞX1 þ k3

qM

K6

� �

(10) 

This makes it possible to obtain the variables experimentally, except μ1 S1ð ÞX1, for which we proceed to 
estimate from other measurable variables:
Based on the reaction rate (r1) of the S1 substrate to produce S2 and CO2, in acidogenesis (Manjusha 
and Beevi 2016), Equation (11) is obtained: 

r1 ¼ μ1 S1ð ÞX1 (11) 

Then, substituting r1 for μ1 S1ð ÞX1 in Equation (10) gives Equation (12): 

D ¼
1

S2in � S2ð Þ

� �
dS2

dt
� k2r1 þ k3

qM

K6

� �

(12) 

To solve Equation (12), it is required that the variables S2; r1; qM; be observable in the process (Draa et al.  
2018).

The use of a linearized control (Draa et al. 2015) is therefore proposed, through Equation (13): 

dq�M � qM

dt
þ λ q�M � qM
� �

¼ 0 (13) 

where λ is the controllable operator.
Using Equation (7), the change in the methane flux can be expressed by Equation (14): 
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dqM

dt
¼ k6

dμ2 S2ð Þ

dt
X2 þ k6μ2 S2ð Þ

dX2

dt
(14) 

Substituting the Equation of state (4) in Eq. (14) we have Equation (15): 

dqM

dt
¼ k6

dμ2 S2ð Þ

dt
X2 þ qM μ2 S2ð Þ� / D

� �
(15) 

The Equation (15) can be expressed as shown in Equation (16): 

dqM

dt
¼ qM

kS2 kI2 � S2
2� �

μ2 S2ð Þ

kI2 μ2maxS2
2

� �

D S2;in � S2
� �

þ k2r1 �
k3

k6
qM

� �

þ qM μ2 S2ð Þ� / D
� �

(16) 

Since the reference value is constant (q�M=constant), Equation (17) is obtained: 

λ q�M � qM
� �

¼
dqM

dt

¼ qM
kS2 kI2 � S2

2� �
μ2 S2ð Þ

kI2 μ2maxS2
2

� �

D S2;in � S2
� �

þ k2r1 �
k3

k6
qM

� �

þ qM μ2 S2ð Þ� / D
� �

(17) 

Solving Equation (17), the D is expressed as Equation (18), where β ¼ kS2 kI2 � S2
2ð Þμ2 S2ð Þ

kI2 μ2maxS2
2

� �

: 

D ¼
λ q�M � qMð Þ

qMβ � k2r1 þ
k3
k6

qM �
μ2 S2ð Þ

β

S2;in � S2
� �

� /β
(18) 

Determination of K2and K3 parameters
The procedure to determine the parameters k2andk3 is carried out utilizing the following steps, where 
k2 : VFA production yield (mmol/g); k3 : VFA consumption yield (mmol/g):

(a) Measurement of moles of VFA produced.
(b) Calculation of the VFA production yield parameter, k2.
(c) Calculation of moles of methane produced.
(d) Calculation of VFA consumption yield parameter, k3.
(e) Validation ofk2andk3 parameters.

The steps of the procedure in this case study are carried out below.

a) Step 1 VFA mole measurement
Experiment 1. Alkalinity, total solids, total volatile solids, and methane.
Experiment 1 is carried out in a batch reactor, as shown in Supplementary material S1. The results 

obtained are, TS, VS, substrate concentration S1, Alkalinity Z, ammonium content in the mixture, 
ammonium content in the activated sludge, the volume of biogas, and volume of CH4.

The measurement of the alkalinity variables, S2; S1; qM was carried out to determine the values of 
k2and k3and build the model for S2 tð Þ.

To measure the variables alkalinity, carbohydrate concentration S1ð Þ, VFA S2ð Þ, methane flux (qM), 
pH, and temperature, the following techniques were used: The reaction rate of VFA is established from 
the stoichiometric ratio, as shown in Equation (16) (Gavala, Angelidaki, and Ahring 2003). Alkalinity 
was also measured by titration following the methodology stablished in (APHA-AWWA-WPCF  
2017). Volumetric analysis was used to determine the methane concentration. Likewise, carbohydrates 
are valued by the spectrometry technique at 492 nm following the method of (DuBois et al. 1956), pH 
is measured continuously through the transducer and the data acquisition and processing system 
directly within the digestion mixture (Hajji et al. 2016).
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Subsequently, ammonium titration is carried out since ammonium in concentrations higher than 
400 mg/L becomes an inhibitor of bacterial growth. In the experiment, it was found that the 
ammonium concentration was below the minimum inhibition concentration. Since that does not 
alter bacterial growth, it is not subject to further analysis. The results are presented in Table 2.

TS are determined by dehydration at 105°C to obtain 307.41 g/L, and VS of 300.63 g/L are 
measured by calculating the TS at 550°C.

The substrate concentration is determined as the carbohydrate content in the TS.
Typically, the carbohydrate concentration is calculated using a phenol solution in the presence of 

sulfuric acid, generating an orange color. It is measured by colorimetry with a wavelength of 492 nm. 
The percentage of carbohydrates is determined from Equation (19). 

%CarbsTotal ¼
m � Abs492 nmð Þ þ bð Þ � Ve

Vm �Wb
� 100 (19) 

where: m is the slope of the linear Equation with a value of 0.016, Abs492 (nm) is the absorbance value, 
b is the ordinate to the origin of the linear Equation with the value of 0.0411, Ve is the total volume of 
the acid extract, in ml, Vm is the volume of aliquot to be tested, in ml, and Wb is the weight of dry 
lyophilized biomass, in mg. 

%CarbsTotal ¼
0:016 � 0:368þ 0:0411ð Þ � 0:064L

10� 4L � 22mg
� 100 ¼ 85:47% (20) 

This resulting value corresponds to the percentage content of organic material in the TS.
The titration of methane is carried out by volumetric titration using a CO2 trap through which the 

produced biogas passes. A total of 150 ml of CH4 was produced in 15 days from 200 g of organic solid 
waste (OSW).

Using the ideal gas law, the methane equivalents produced is calculated as given in Equation (21): 

n ¼
1atm � 0; 15L

0; 08205 atm�L
mol��K

� �
� 293�K

¼ 6:138 mmol de CH4 (21) 

The total alkalinity was calculated as calcium carbonate (CaCO3), expressed in mg L−1 as shown in 
Equation (22): 

CaCO3 ¼
PE � Ni � Vg

Vm
� 1000 (22) 

Where: PE is the equivalent weight at CaCO3 to convert Eq/L to mg, Ni is the initial normal 
concentration of H2SO4, Vg is the total volume of H2SO4 expended in the titration (L), and Vm is 
the sample volume (L). It is obtained: 10.8 mg (represented as carbonate)/ml

Calculation of the VFA production yield parameters K2
Experiment 2. VFA concentration, S2(t)

Table 2. Experimental data obtained in test 1.

COMPOUND SAMPLE CONTENT

Biogas 107.7 ml/100 g of OSW
Methane 75 ml/100 g of OSW
Ammonium 327 mg/L In Biodigester
Ammonium 230 mg/L Active Sludge
Carbohydrates (S1) 85:47% In TS
Alkalinity 10–8 mg/ml CO3

Lipids 1–28% OSW total
TS 307.41 g/Kg OSW
VS 300.63 g/Kg OSW
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The second experiment consists of two batch-type reactors with identical conditions, temperature 
control, and aluminum covering to avoid the incidence of direct light on the process, activated using 
a mixture of organic solid waste with active sludge in a 1:3 S:I ratio. The tests were carried out for 21 
days, with a temperature system at 37°C ±1°C. VFA measurement is made by titration. Table 3 shows 
the data of the measurements.

The estimation of the parameters k2 and k3 are carried out from measurements made of the 
variables S1, S2, biogas flow, and CH4 concentration (Tables 2 and 3) in the biogas as referred in 
Dittmer, Krümpel, and Lemmer (2021) and Salgado (2019).

b) Step: 2 calculation of VFA production yield parameter, K2

From the results obtained in the experimental phase, the VFA production yield parameter k2is 
calculated.

The production yield of VFA in acidogenesis corresponding to k2 is given in mmol of VFA 
produced (S2) divided by the weight in g. of initial substrate (S1). The data obtained can be seen in 
Table 3.

The measured number of moles from titration is 1.75 mmol VFA/ml. The biodigester mixture has 
a volume of 904 ml, hence, the total amount of VFA is calculated as given in Eq. 23. 

n CH3COOHð Þ ¼
1:75 mmol VFA

ml mixture
� 904 ml mixture ¼ 1582 mmol de VFA (23) 

The amount of Total Volatile Solids (VS) in the mixture was 6.252 g, so the k2 parameter is calculated 
as shown in Eq. (24). 

k2 ¼
1582 mmol de VFA

6:252 g de STV
¼ 252:63 mmol de VFA=g de STV (24) 

c) Step 3. Calculation of methane moles
The consumption yield of VFA in methanogenesis (see Table 1 for balanced chemical equation), 

corresponding to k3 is given in mmol of VFA (S2) consumed or in methane produced by weight in g of 
VFA in the substrate S2. The data on the methane produced can be seen in Table 2.

To calculate the methane yield from the volume obtained, the number of moles produced is 
calculated using the ideal gas law as shown in Eq. (25):

VCH4 ¼
n � R � T�

P
therefore; n ¼

P � VCH4

R � T�
¼

1 atm � 0:15L
0:082 atm�L

mol��K � 298�K
¼ 6:138 mmol CH4 (25) 

d) Step 4. Calculation of VFA consumption performance parameter, k3.
AGV consumption performance (k3), is calculated as shown in Eq. (26):

Table 3. Experimental data obtained in test 2.

TIME TS (g/kg OSW)
S2(t) 

mmol VFA/ml mg/ml VFA

Day 1 319 1.46 87.6
Day 2 319 1.68 100.8
Day 3 319 1.75 105
Day 4 319 1.72 103.2
Day 5 319 1.62 95.2
Day 6 319 1.52 91.2
Day 7 319 1.47 88.2
Day 8 319 1.42 85.2
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k3 ¼ 6:138
mmol CH4

0:0894 g VFA
¼ 68:65

mmol CH4

g VFA
(26) 

where 6.138 mmol of CH4 is the amount produced per day and 0.0894 g of VFA is the 
amount consumed per day. With the values of the parameters k2andk3 calculated, the math
ematical model of Eq. (18) is completed. Hence, we can generate an equation for the observer 
of the D with which the variables are obtained for the AM2 model as expressed in 
Equation (27). 

D ¼
λ q�M � qMð Þ

qMβ � 252:63r1 þ
68:65

k6
qM �

μ2 S2ð Þ

β

S2;in � S2
� �

� /β
(27) 

e) Step 5. Validation
To perform the validation of the parameters k2andk3, first the experimental model of S2 tð Þwas built 

based on the measured values of S2 tð Þ. Subsequently, the theoretical model of S2 tð Þ was obtained from 
the AM2 model where the previously calculated values of k2andk3 have been replaced. The direct 
validation of the theoretical model of S2 tð Þ is obtained through the error calculated with Eqs. (28) and 
(29), which allows the values of k2andk3 to be validated indirectly. 

ei ¼
DTi � DEi

DEi
� 100% (28) 

eE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
n

Xn

i¼1
ei22

s

(29) 

where n corresponds to the number of samples in the functions to be compared.

Results and discussion

Experimental model of S2 tð Þ

Initially, a function will be found that allows extrapolating the eight values of the experimental 
measurements of S2 tð Þ throughout the temporal measurement region to have a more significant 
number of values for validation. By inspection of the experimental data of S2 tð Þ, in Figure 1, there is 
a behavior with three poles and two zeros with a candidate transfer function Eq. (30):

S2 sð Þ ¼
0:53002 sþ 0:0576427ð Þ sþ 3:81635ð Þ

s sþ 1:00317ð Þ sþ 0:11683ð Þ
(30) 

Hence, a mathematical model of the behavior of S2 tð Þ is obtained as shown in Eq. (31): 

bS2 tð Þ ¼ 0:99481221 � 1:58553 � e� 1:00317t þ 1:12072 � e� 0:11683t (31) 

The following figure (Figure 1) shows the comparison of discrete S2(t) (experimental data) with the 
mathematical model obtained by regression Eq. (31). With this method, a RMSE error found between 
their pointswas only 0.4%.

Theoretical model of S2 tð Þ

The AM2 model expressed through the ordinary differential equations system described in Eqs. (1) to 
(7), is solved using the classical fourth-order Runge-Kutta numerical method, from which the 
behavior curve of the variable S2 tð Þ, using the calculated parameters k2 and k3 and the parameters 
k1, k4, k5 and k6 obtained by (Draa et al. 2018), the results are shown in Figure 2.
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Figure 1. Experimental data of S2 concentration (Table 3), (red color) and experimental mathematical model of S2 (blue color).

Figure 2. VFA concentration curve, using the parameters k2 and k3, generated by the theoretical model of S2(t).
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To build the theoretical curve using the Runge-Kutta numerical method for S2 tð Þ, successive 
calculations are made for the value of S2 tð Þ at the instant following the current one yiþ1ð Þ starting 
from the current value yi, to estimate the next value of VFA concentration yiþ1ð Þ . The algorithm used 
for the iteration procedure proposed by the classical fourth-order Runge-Kutta method implements 
Eq. (32). 

yiþ1 ¼ yi þ
1
6

A1 þ 2A2 þ 2A3 þ A4ð Þh (32) 

where h is the interval between ið Þ and ðiþ 1) and A1 to A4 are functions calculated from Eqs. (33) 
to (36). 

A1 ¼ f xi; yið Þ (33) 

A2 ¼ f xi þ
1
2

h; yi þ
1
2

A1h
� �

(34) 

A3 ¼ f xi þ
1
2

h; yi þ
1
2

A2h
� �

(35) 

A4 ¼ f xi þ h; yi þ A3hð Þ (36) 

Validation

To get the best approximation, it is evaluated with a sampling interval h = 0.02. With the above, it 
can be stated that the model obtained from Eq. (31) can be considered valid to represent 
experimental S2(t) and compare it with theoretical S2(t), the latter evaluated by numerical methods 
(Runge-Kutta) from k2 y k3 the AM2 model (Figure 3). The curve is parameterized by scaling to 
the maximum value of S2(t) and an offset of 0.5 to adjust theoretical values to real values of the 
process.

The error between the curves of the experimental and theoretical S2(t) model was calculated, 
with k = 42 values, 34 equidistant and 8 measured values. An error of 1.98% was found, which 
suggests a valid theoretical value of S2(t), indirectly validating the calculated value of the 
parameters k2 and k3.

The results in Table 3 present a second-order exponential behavior. The mathematical model was 
obtained to compare the values obtained experimentally with the theoretical values within the 8-day 
time interval. The data in Figure 1 from the mathematical model superimposed on the graph 
constructed from the discrete data obtained from the periodic measurement of VFA shows the 
reliability of the mathematical model obtained to describe the behavior of the VFA concentration 
during the experimental time. The maximum error that occurs between the two of them is e <0.4%.

The curve constructed from the mathematical model AM2 using numerical methods, including k2 
and k3 calculated based on the experimental phase, presents the same behavior observed in the curve 
constructed from the real VFA data from the same reactor. With the information already tabulated 
and modeled, two VFA behavior curves are constructed, shown in Figure 3, when compared result in 
a maximum error of 1.98%. Considering both error, it is achieved a maximum error <2.47%, which 
allows us to conclude that the values k2 and k3 obtained with the proposed method is valid for those 
used in the observer model D presented in this paper.

The experimental data obtained from the concentration of VFA, S2(t), measured in experi
ment 2 are presented in Table 3 and Figure 1. Figure 2 shows the curve obtained with the S2(t) 
theoretical model obtained by solving the AM2 model with the estimated parameters k2 and k3 
and using the fourth-order Runge-Kutta numerical method, and the graph in Figure 3. With this 
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information, an error of the theoretical model of S2(t) is less or equal to 1.98%. This error agrees 
with the validation using VFA concentration as a variable in the D estimator, which has as 
stability condition Dmin<D<Dmax (Dmed ± 5%); this allows validating the parameters k2 and k3 
calculated in Eqs. (26) and (31).

Conclusions

An experimental method is proposed to determine the values of performance and consumption 
parameters embedded in the AM2 model, in particular the obtaining and validation of the paramet
ders k2 and k3 used for the dilution rate obserever from the AM2 model.

To validate the proposed method, an indirect validation technique is established, which 
obtains the evolution of the dynamic behavior of the concentration of volatile fatty acids, S2, 
based on the parameters k2 and k3 found and copares it with the value of S2 observed 
experimentally.

The experimental mathematical model results for VFA concentration showed an error of <0.4% 
with respect to the experimental data. An error of <1.98% was found between the theoretical model 
and the experimental mathematical model. Overall, a global error of <2.37% gives a reliability to the 
proposed method to determine k2 and k3.

The above allows algorithms to be generated that automate and incorporate adaptive control 
strategies that help stabilize, control, and optimize the AD process.

This method can be applied to evaluate and validate other parameters of the model that cannot be 
measured but depend on other measurable process variables.

Based on the above, future work can be carried out to develop adaptive control strategies for 
process stability. Control strategies can be worked on in the future that use the dilution rate as 
a control variable using VFA and D observers.

Figure 3. Behavior of theoretical model S2(t) (blue color) and experimental model S2(t), (red color).
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